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A STABILITY STUDY AND MODAL ANALYSIS OF A
SPACE-STATION—CENTRIFUGE CONFIGURATION

By Robert K. Sleeper and Harold C. Lester
Langley Research Center

SUMMARY

The planar mofion of a centrifuge—space~station configuration has been examined
to determine the types of instabilities that can occur. Although the study is devoted pri-
marily to undamped symmetric configurations, the effects on stability of linear viscous
-damping and mass asymmetry were also examined.

A linear analysis which was effected by assuming constant speed rotation showed
that with little or no damping, unstable motion can occur in rotational speed ranges or
regions representing two types of instabilities: (1) The first region was bounded by upper
and lower critical speeds and in this region the motion consisted of a self-excited pure
divergence similar to that found for rotating shafts with elliptical cross sections, All
configurations exhibited this type of instability which was attributed to the bidirectional
dynamic properties of the centrifuge. (2) Special attention has been directed toward a
second type of instability which may be overlooked in an analysis but which can occur at
rotational speeds above the critical speed; it consists of a self-excited oscillatory diver-
gence similar to that experienced by helicopter pylon-rotor configurations. Configura-
tions with a heavy centrifuge hub or light gondolas were more likely to have this type of
instability.

For undamped models a superposition of the complex eigenvectors is employed to
represent the various types of real motion in the rotating reference frame and a special
stability technique applicable to even-power polynomials is used to determine stability
boundaries.

INTRODUCTION

A space station with an onboard rotating mechanism such as a centrifuge may
exhibit instabilities such as those that have occurred with pylon-rotor configurations on
helicopters in contact with the ground. For such configurations two types of instabilities
have been found.
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One type of instability is similar to that exhibited by a rotating shaft with an ellipti-
cal cross section, the critical speeds of which occur in pairs corresponding to the two
principal stiffnesses. (See ref. 1.) Within the speed range bounded by the two critical
speeds, the motion diverges in a nonoscillatory manner. The instability is classified as
"self-excited" by virtue of the fact that the destabilizing force or forces are functions of
the displacement vector and its derivatives.

The helicopter analysis (refs. 2 and 3) also showed that a second type of instability
characterized by an oscillatory divergent motion can occur at speeds above the critical-
speed range. This instability is referred to as a "self-excited mechanical instability" in
references 2 and 3; the term "flutter' which more usually denotes an aeroelastic phenom-
enon (ref. 4) has been used by others (ref. 5). With either of these instabilities, kinetic
energy of rotation is transformed into elastic energy. The energy transfer may be very
rapid and may result in a catastrophic increase in the amplitude of the associated elastic

deformation.

In the present study, which represents an extension of a previous study (ref. 6), the
stability characteristics of a space station with an onboard centrifuge rotating at constant
speed are studied. The mathematical model includes linear viscous damping, but the
effects of gravity have been neglected. Linear differential equations describing small
motions in the plane of the centrifuge are derived and presented in a nondimensional form.

Linear stability techniques are applied to determine and classify the regions of
self-excited instability as a function of angular rotational speed for various combinations
of the nondimensional system parameters., Furthermore, an eigenvalue-eigenvector
solution is formulated by using an equivalent matrix of first-order equations of motion.
Because of the lack of matrix symmetry, the eigenvectors are, in general, complex and
hence classical vibration modes in the normal sense are not obtained. (See refs. 7 and 8.)
However, it is demonstrated that the motion of the system can be described in terms of
the complete set of eigenvectors for an arbitrary initial state vector, A Meerov-Fuller
stability criterion (ref. 9) has been adapted to the analysis of the undamped system; it
enabled a rapid determination of the parameter value combinations yielding unstable con-
figurations. Although the effects of damping and mass asymmetries are demonstrated,
most of the study is devoted to the undamped-symmetric model.

SYMBOL:S

Al( o* ),AZ(Q*), coefficients of sixth-order stability polynomial

A3(Q*) (see eq. (17))
aj,ag axial displacements of gondolas due to lateral deflections (see fig. 2)
2
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C coefficient of viscous damping for hub support |
€1,Co coefficient of viscous damping for centrifuge arms

E first-order dynamic matrix (see eq. (5))

E uncoupled first-order dynamic matrix for undamped symmetric configura-

tion (see eq. (14))

I identity matrix

1=

K hub support stiffness

kq,ko equivalent spring stiffness of centrifuge arms
Lq,Lo lengths of centrifuge arms

Mc total mass of centrifuge, m; + mgy + My

My, mass of hub

Mg mass of space station (without centrifuge)
mq,mo gondola masses

p nondimensional Laplace variable, s/we = 0* + jw*
Py characteristic roots of system

ql( ),qz( ) generalized coordinates associated with lateral modal displacements
$,(p) and ¢,(p), respectively

s Laplace variable, o+ jw
t time
to reference time



XY coordinate axes with origin at center of mass of composite system and which
rotate with centrifuge (see fig, 2)

X¢,Yg space-fixed (inertial) axes with origin at center of mass of composite
system (see fig. 2)

X state vector of four degree-of-freedom representation

R ARGPARE N transformed components of state vector of four degree-of-

}_{4( )’}_{5( ):%6( ), freedom representation (see egs. (2))
%a( ) Zg( )

X5V displacement coordinates of centrifuge hub relative to space-station
(less centrifuge) center of mass (see fig. 2)
ih( ),§h( ) transformed relative displacement coordinates of centrifuge hub

Xs:Yg displacement coordinates of space station (less centrifuge) from center
of mass of composite system (see fig. 2)

i( general complex response, f{oepT
?o complex amplitude
Z() redefined transformed state vector of four degree-of-freedom representation

(see eq. (12))

210 ),29( )E5( ),

z4( ),z5( ),2g( ), components of transformed state vector (see egs. (11))
Zq( ),7g( )
a distance from hub of effective hinge of centrifuge arm normalized to the

arm length (see eq. (C6))

ay,aq distance from hub of effective hinge of centrifuge arms normalized to arm
lengths, Lj and Ly, respectively

B rotation coordinate of centrifuge relative to space station (see fig. 2)



A1,Ag

C]_)Cz

$1(0),05(p)

Q

Q*

2582

axial Iﬁodal displacement factor of gondola masses due to lateral deflection
viscous damping ratio of hub support relative to space station

viscous damping ratio for centrifuge arms relative to hub

diagonal eigenvalue matrix (see eq. (27))

angle that system rotates during a quarter cycle at the natural frequency
(see fig. 8(b))

ratios of gondola mass to centrifuge mass (see egs. (1))
ratio of centrifuge mass to space-station mass (see eqs. (1))
real part of Laplace variable s

real part of nondimensional Laplace variable, _‘g_e
nondimensional time referred to upper critical speed, wgt
reference nondimensional time, wgty (see fig. 8)
complex modal matrix (see eq. (27))

assumed lateral mode shapes for centrifuge

centrifuge rotational speed relative to space station

nondimensional rotational speed, g—

e

rotational speeds corresponding to lower and upper critical speeds,
respectively (see fig. 7)

imaginary part of Laplace variable s

imaginary part of nondimensional Laplace variable, c0—“’-—
e

uncoupled gondola-arm natural frequencies \[lq /my, \lkz /mg, respectively



wg uncoupled rigid centrifuge-support natural frequgncy, \/K /Mc

wl*,wz* nondimensional gondola-arm natural frequencies Wy /we, Wq /we, respectively

w3* nondimensional centrifuge-support natural frequency wg /we

We upper critical speed (frequency), \fi{(Mc + Ms)/MSMc

wn,i coupled natural frequency of system, i=1, 2, 3, 4

w;,i nondimensional natural frequency of composite system, i=1, 2, 3, 4
w; 9 uncoupled natural frequency of antisymmetric degree of freedom (see

eq. (29))

Bars over symbols denote Laplace transformed variable.

Superscript T denotes transposed matrix.
ANALYSIS

In this section, a basic mathematical model of a centrifuge-equipped space station
is described and the governing equations of motion are presented and discussed. The
equations are nondimensionalized and reduced to an equivalent set of first-order equa-
tions which are summarized in matrix form. From this matrix form the eigenvalues and

eigenvectors of the configuration can be easily obtained.

The present analysis is devoted mainly to an undamped symmetric configuration.
By using a coordinate transformation and nulling a system mass parameter, the equations
of mofion may be partially uncoupled. From the resulting set of equations, limiting curves
of the stability boundaries are obtained and interpreted. In addition, the response of the
configuration is expressed for a given initial state in terms of the eigenvectors and the
effect of damping and mass asymmetries has been included in the analysis.

A detailed derivation of the equations of motion is given in appendix A.

Mathematical Model

A schematic illustration of the space-station—centrifuge model is given in figure 1.
The mass of the space station without the centrifuge is denoted by Mg. The centrifuge is
represented by a hub (pivot) mass My and two cantilever beam-like arms upon which
the gondola masses mj; and my are attached. The arms of the centrifuge are assumed
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to be massless with bending stiffnesses of ki and kjy, respectively. The lengths of the
respective centrifuge arms are denoted as Lj and Log.

Assumptions used in the analysis are as follows:
(1) Motion is planar.
(2) The space station is kinematically constrained from rotating,

(3) The centrifuge rotates at a constant angular velocity €. (This constraint per-
mits linearization of the equations of motion; however, the angular momentum and energy
of the system are no longer conserved.)

(4) Effects of gravitation have been neglected.
(5) Small motions are assumed,

(6) The hub mass My is isotropically spring mounted and isotropically damped
relative to the space station with springs of stiffness K and damping C. Damping of
the centrifuge arms relative to the hub are denoted by c; and c,.

Of particular importance are the axial displacements at the ends of the arms which
result from lateral deflections. (See appendix B.) This effect provides stiffening pro-
portional to the square of the rotational speed § with significant effects on the stability
of the system.

Equations of Motion

Equations of motion have been derived by the method of Lagrange in appendix A for
a general configuration. Subsequently, the equations are reduced to a simpler form for
application to the assumed model wherein they become a set of linear differential equa-
tions with constant coefficients. (See egs. (A58).)

Coordinate system.- Motion is referred to a coordinate system X,Y which rotates
at the same rate  as the centrifuge. (See fig. 2.) In this rotating frame, the center
of mass of the space station mass Mg (without the centrifuge attached) is located rela-
tive to a fixed (inertial) frame X;,Y; by the coordinates xg,yg and the angular dis-
placement Qt. As indicated in appendix A, the constant rotational speed constraint

imposes only an externally applied moment to the system; therefore, the origin of the

X,Y and X, Yg coordinate systems may be conveniently interpreted as being located

at the center of mass of the composite system. Relative to the center of mass of the
space station, the displacement of the hub mass My, is denoted by the coordinates Xhs¥h
and finally, the lateral deflections of the gondola masses are denoted as qy and 9.

The axial displacements which are directed toward the hub are given by ay and agy.



Reference to equations (A58) of appendix A indicates that the last four equations
(in coordinates Xps Yho 975 and qy are independent of the coordinates xg and Vge
Thus, although equations (A58a) and (A58b) are coupled to equations (A58c) to (A58f)), the
stability of the configuration is determined by the characteristic behavior of the latter
equations. Therefore, the analysis is concentrated on these relations; that is, equa-
tions (A58c) to (A58f).

The Laplace transform is applied to the equations, and to provide a more general
development, the following nondimensional parameters are introduced into the equations:

=5 A
Q
QFf = 2%
We
my
lJ, = emm——
M
my
‘LL = —
2 M,
37 Mc + Mg
ok Pl Vey/my (1 - gl
1 e We HIK

(1)

Y3 T BT T we - WTH3

we = Wa - K(Mc + Ms)
1- usg McMg

£ = — L

1 2m1w1

2 2m2w2
C

&= 2Mcw3



In these relations it should be noted that spring constants k; and kg have been sub-
stituted for the effective lateral stiffness of the beams that are described in equa-
tions (A17) and the upper critical speed wg has been used as a normalizing factor.

In order to facilitate an eigenvalue-eigenvector solution, the equations are written in
first-order form by using the following definitions:

Xy = pili

Xy = P¥p

X3 = Py

?-{4 = pf—iz

) (2)
X5 = Xh

Xg = ¥n

Xg =4

Xg = ‘_12J

where the bar symbol (7) has been used to denote a Laplace transformed coordinate and
p is the nondimensional Laplace operator. Thus using the relationships

- e
X9 = PXg
- - (3)
X3 = PXq
X, = pX
)

together with the previous definitions, equations (A58c) to (A58f) may be written in the
form

(E +pDX =0 4

where E is given for the general case as
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and I is the identity matrix and
=T - = = = = = = =
X" = I_Xl ,Xz ,X3 ,X4 ,X5 ,X6 ,X7 ,X8-] (6)

It should be noted that matrix equation (4) is in the form of a nonsymmetric eigenvalue
problem, the nondimensional Laplace variable p being the eigenvalue parameter. Equa-
tion (4) represents eight first-order linear differential equations with constant coefficients,

Undamped symmetric configuration.- The undamped symmetric centrifuge is of

special interest because by means of a coordinate transformation a partial uncoupling of
the equations result thereby and provide a deeper insight into the stability characteris-
tics of the configuration., In addition, as will be shown subsequently, mode shapes of
undamped configurations may be conveniently displayed. The equations of motion for the
undamped symmetric configuration may be obtained by specializing the nondimensional
parameters of equations (1) and the coefficients of the E matrix in accordance with the

following:
my =My )
R )
kl = k2
§1=89=¢=0
-/

One of the four degrees of freedom may now be uncoupled from the analysis by
combining coordinates. This uncoupling may be done by recognizing that

(%5 + ) + [d{z + 9421y A - 1)](;:7 + %) =0 @)
and
p(i7 + iS) - (523 +i4> =0 (9)
Substituting equation (9) into equation (8) gives the uncoupled second-order equation of
motion in the new composite coordinate 1'(7 + i8

ﬁ,z + l:w’iz + Q*Z(Ll Aq - 1)]}(:‘:7 + ;':8) =0 (10)

Equation (10) describes an antisymmetric motion of the centrifuge arms about the hub
which is independent of the other degrees of freedom of the system. Since LjA; 21
for the configuration (as indicated in appendix B), the quantity in the brackets is always
positive. Thus, the motion of this composite degree of freedom is always stable for all
rotational speeds £* and may be disregarded when stability is considered.

11
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To complete the uncoupling process, the composite coordinate i7 - i8 is formed
which remains coupled to the is and i6 degrees of freedom.

The uncoupled form of equation (4) may now be formulated by using the following

definitions:
- s oo )
z4 = Xy = PZg
Zg = iz = p26
Zg = Xg - X4 = PZy
S (11)
Zg = %5
zg = Xg
Zg = Xn + X
8§~ "1 78 p
and
T = |5, i By e g 12
- LZI,ZZ,Z3;Z4,Z5,Z65Z7,ZBJ ( )
Thus, the eigenvalue problem becomes
(E+p)Z =0 - (13)

where E is the uncoupled form of the previously defined E-matrix for an undamped

symmetric configuration:

12
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0 B 1(- zn:) 1 -lzul Euiz * Qtz(AlLl St 2“1)]

(14)

-1

Attention will be focused on the three coupled degrees of freedom.

Characteristic Stability Equation

The characteristic stability equation for the complete configuration is obtained by
setting the determinant of the coefficients of either equation (4) or equation (13) to zero,
that is,

|E +p1| =0 | (15)

|8 +p1|=0 (16)

Thus, if a root of equation (15) or (16) has a positive real part, the system is unstable.

It should be noted that equations (15) and (16) have the same characteristic polyno-
mial and roots; however, for the undamped symmetric configuration the polynomial of
equation (10) which is stable may be readily factored from equation (16) and disregarded.
Thus only the three coupled degrees of freedom need to be considered, that is, the
unshaded portion of E. By taking the determinant of the remaining 6 X 6 terms of the
E-matrix a sixth-order polynomial in terms of zy, Zg9, Zg, Zg, Zg, and 27 results
of the form

p8 + A (2")p% + A, (2%)p2 + A4(0*) = 0 (17)

13
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The coefficients Ay, Ay, and Ag of the polynomial are functions of the physical param-
eters describing the system as well as the nondimensional rotational speed £*. Note
that the polynomial only contains coefficients of even powers of p as is usual for non-
rotating systems and roots occur symmetrically about both the real and imaginary axes.

A three-dimensional plot of the locus of the characteristic roots of a symmetric
configuration in terms of the nondimensional Laplace variable p and rotational speed
Q* is shown in figure 3. A modal response of the form Y= SA(OepT has been implied
where Y is the (complex) response, 3(0 is a complex coefficient, and 7 is a non-
dimensional time, 7 = wgt. The additional dimension Q* has been included to illustrate
the effect of rotational speed on the roots. Since complex roots occur in conjugate pairs,
only the positive imaginary roots are shown. In general, roots for the undamped configu-
ration are stable and have purely oscillatory characteristics; hencé, the roots are on the
jw*,2*-plane where the imaginary part of p is *, a nondimensionalized natural fre-
quency of the system, In the analysis for the undamped configuration, it will be advan-
tageous to examine the locus of the roots on the jw* Q*-plane, that is, for p = jwr’l". It
should be noted that the natural frequencies w, are frequencies that would be exper-
ienced in the rotating system as opposed to frequencies observed for the system in a

fixed reference.

A typical root as shown at (a) is identified as the lowest of the three (coupled) con~
ventional natural frequencies which the system has without rotation, If the behavior of
this frequency is noted while the rotational speed is increased, it goes to zero after which
it increases and may coalesce with another root before increasing indefinitely. Except
where the two roots coalesce and the lowest root reduces to zero the roots generally
increase along the imaginary axis with increasing rotational speed. This trend is due to
a stiffening effect derived from the centrifugal forces of the rotating system.

Two unstable regions have been illustrated in figure 3 and the positive* portion of
the surface enclosed by roots which are not purely imaginary is shown shaded. The insta-
bility which occurs at the lower rotational speed Q* for roots in the region of (b), (c),
and (d) has no frequency or oscillatory characteristics but a purely divergent behavior
with real roots as illustrated on the o*,Q*-plane. This behavior occurs between the two
critical speeds derived from the bidirectional properties of the system and hence has
been termed a critical speed instability. A second instability identified by roots having
purely complex values and characterized by an oscillatory divergent behavior may exist
at still higher rotational speeds. It is analogous to the mechanical instability exhibited
by helicopter pylon-rotor configurations. (See refs. 2 and 3.)

*Positive in the sense of having roots with positive real parts.

14



When the undamped nonsymmetrical configuration is analyzed, the characteristic
polynomial remains even but the equations of motion do not uncouple in the previously
described manner. Thus, the locus that was ignored in the symmetric analysis must be
included on the root locus display of figure 3. In fact, this locus may add another oscil-
latory instability.

For a configuration where damping has been introduced the characteristic polyno-
mial is no longer even but, in general, may have coefficients of odd powers in p also,
Consequently, the root locus will not be symmetric about the imaginary axis.

The roots of the undamped system have been investigated by using two methods.
The first method examines the root locus on the jw*,Q*-plane of figure 3 and is described
in the next section. The second approach utilizes a stability criterion which is adapted
for the even characteristic polynomial to describe unstable regions. The mechanics of
the adaptation may be seen by noting that a complex or p-plane plot of figure 3 may be
illustrated by figure 4(a). The same locus in the p2-plane will appear as shown in fig-
ure 4(b). Therefore, since all stable roots on the p-plane for all anticipated ranges of
©* must be on the imaginary axis, all stable roots on the pz-plane must lie on the nega-
tive real axis., The Meerov-Fuller criterion (ref. 9) determines when a root of a polyno-
mial is not negative and real.

With the addition of damping to the system, the locus plot is no longer confined to
the jw*,Q*-plane and neither of the preceding techniques is applicable, However, the con-
ventional Routh criterion (for example, see ref. 10) is applicable to the configuration and
has been used to establish unstable regions.

Method of Uncoupling

An interesting insight into the nature of the oscillatory instability and the conditions
under which it occurs can be found by examining an uncoupled form of the stability deter-
minant of a symmetric undamped configuration on the jw*,Q*-plane as has been done in
reference 2, The uncoupled root loci form limiting curves which approach the coupled
loci when the rotational speed £* is large, and these uncoupled loci are shown by the
heavy solid lines and curves in figure 5. In the figure, centrifuge loci corresponding to
two different configurations denoted by type I and type IT curves have been included and
the heavy straight lines with slopes of +1 depict the upper half of the uncoupled hub loci.

To develop the equations of the loci, it is convenient to refer to the equations of
motion in second-order form. The matrix formulation for the symmetric configuration
in terms of Zg, 2zg,and z, is

15



p2 +1 - *2 -20%p -2u,9%p Zg
1-2p4p © -
20%p o2 4 1M3 _ p2 e CRE Alﬂ*z) Zg y=0 (18)
1- 2“1 1- 2;11
2(1 - i )
3 2 1 +2 o2 _
0 IR ) _t -
T P +<1—2u1>E°1 + 8 (L1A1+2u1 1) ZU
— -

An uncoupled analysis may only consider diagonal terms of a dynamical matrix;
however, because of the strong coupling of ih and ih through the Coriolis accelera-
tion in this problem, these degrees of freedom must be considered coupled, that is, the
off-diagonal terms -2Q*p and 29Q*p of the matrix equation (18) must be included.
Furthermore, the condition that My 0 must be impressed on the upper left 2 X 2 sub-
matrix, Thus, the uncoupled hub behavior is represented by

[pz + (1 - Q*2>:|2 +40*%2 -0 (19)
which reduces to
w
L= :l:(Q*~1), ﬂ:(Q* +1) (20)
We

w

on the jw*,Q*-plane where p =] BI_I and wp is the natural frequency. These equations
e

correspond to straight lines at +45° to the Q*-axis of figure 5. The centrifuge behavior

is represented by a hyperbolic curve corresponding to the diagonal element of the

57 =qq -9y degree of freedom. Thus, the equation for this uncoupled locus is

2

2 w*

2 o* 1
— (L4 A 2 -1 —_—=0 (21
p+1_2“1(1 1+ 20y )+1_2“1 (21)

The approximate coupled root behavior of the centrifuge interacting with the hub is
shown dashed at points A, B, and C. When two uncoupled loci cross, the coupled root loci
may coalesce in a manner similar to that shown by the dashed lines in the neighborhood of
the intersection of the type I uncoupled centrifuge locus and the Q-1 asymptote as
indicated at point A of figure 5. On the other hand, the root locus may couple without
coalescing as shown at B, or in the neighborhood of the intersection of the type II uncoupled
centrifuge locus and the Q* + 1 asymptote as, for example, at point C. An oscillatory
divergent instability occurs when roots coalesce and no longer remain purely imaginary,

16



that is, become complex. No instability results however when the roots couple without

coalescing.

It can be seen that when the limiting slope of a hyperbolic centrifuge locus for large
values of ©* is unity or greater, that is, the uncoupled centrifuge locus resembles that
shown for type II, no unstable crossings of the hyperbolic curve and the Q* -1 asymp-
tote occur. The condition which eliminates the intersection may be found by examining
equation (21) for large &, that is,

9*2

2 . -1) =
P2+ 2u1(L1A1 + 214 1) 0 (22)
and making the slope equal to or greater than unity, Therefore, the following relation

must be true:

ittty (23)
1- 2[1,1
Thus, no oscillatory instabilities should exist for
2-L,A
>_ 171 24
M= 2 (29)

A result similar to expression (24) was established in reference 2.

Interms of & which is introduced in appendix C (see eq. (C6)) as the proportion
of the length that the distance of the effective hinge point of the centrifuge arm is from
the hub, equation (24) becomes

1 -2«
1- =1 (25)
41 - oy

%

K1

Thus, for a symmetric configuration having arms behaving as uniform beams, o= 1/6
and oscillatory instabilities should be prevented when

1y Z0.2 (26)

Because of the intrinsic geometrical nature of the parameter «, it is used throughout
the remainder of the paper in lieu of A.

Modal Representation

Since the equations of motion are linear with constant coefficients, it is possible to
represent the motion of the system by a superposition of the eigenvectors. Of special
interest is the undamped configuration which exhibits sustained oscillatory motion (imag-
inary eigenvalues) when it is rotated at a constant angular speed.
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If the eigenvalues or roots previously found are ascertained to be distinct, eigen-
vectors which satisfy the equations of motion may readily be found. Since the E-matrix
as given by equation (14) is real and nonsymmetric, the eigenvectors and eigenvalues of
equation (13) may be real or may occur in complex conjugate pairs, As in reference 11,
a general expression for the time history may be given, in terms of nondimensional
time 7, as '

Z(7) = 0e?To17(0) (27

where ¢ is the modal matrix and 7(0) is the initial state vector in first-order nota-
tion, A constitutes a diagonal matrix consisting of the eigenvalues p; of the system,
and 27 isa diagonal matrix having elements P17, 1 general, the modal displace-
ment will be complex so that conventional time-invariant mode shapes do not exist but
since eigenvectors occur in complex conjugate pairs and, when superimposed, may yield
a real response, the time history may be illustrated by real modes which change with time,
(See ref. 12,) Thus, for the undamped rotating system, its general motion may be dis-
played with real motions composed of pairs of mode shapes phased in time a quarter of a
cycle apart.

When damping is introduced, the motion, in general, cannot be represented with
real modes. Therefore, no convenient display is available.

DISCUSSION OF RESULTS

In this section, results are presented for several space-station—centrifuge config-
urations in order to illustrate the types of instabilities discussed previously. Physical
parameters of the system are varied with respect to a reference model.

Basic Model

Properties.- The basic model assumed for this study was an undamped symmetric
configuration defined by the following nondimensional parameters:

By = Hg= 0.1)
kg = 0.01
. (28)
* K
Wy =Wy = 0.1_)
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The « values have been assumed to be consistent with those of a uniform cantilevered

k k
beam under the influence of a tip load (eq. (C6)) and a stiffness ratio _Kl = _Kg = 0.00101
has been implied by the w* value,

Instability regions.- A plot of the natural frequencies w; of the basic model for
rotational speeds £* is shown in figure 6. The uncoupled antisymmetric mode (dashed
curve) which has been neglected in the stability analysis is included for completeness,
The faint broken lines denote the uncoupled loci of the degrees of freedom considered in
the stability analysis which were infroduced in figure 5. Thus, the basic model exhibits
a type I centrifuge locus as classified in figure 5, and the frequency plot associated with
the coupled degrees of freedom resembles that illustrated on the jw*,Q*—plane of figure 3.

Inasmuch as the loci corresponding to each degree of freedom of the system must
be on the jw*,Q*-plane for stable operation and the system has four degrees of freedom,
figure 6 shows two ranges of ©* for which the basic model is unstable. Points of iden-
tification a, b, d, e, and g of figure 3 are also shown in the figure. The region that is
encountered at the lowest rotational speed occurs for a zero natural frequency in the
rotating reference frame and extends from &% =0.725 to € =1. (It should be noted
that the upper boundary is unity because the axes have been normalized to the undamped
upper critical speed.) The behavior of the degree of freedom in the region is character-
ized by a nonoscillatory or zero-frequency divergence. The two general displacement
patterns for the critical speeds which bound the unstable region and occur as a result
from the bidirectional properties of the configuration have been illustrated in figure 7,
The various masses are indicated by circles of varying radii,

A second region where the locus is discontinuous occurs for 2.75 = Q* £4.22 in
figure 6. Unlike the first region, this unstable region is bounded by stable loci which
possess frequency components. It follows that the unstable region as illustrated in fig-
ure 3, has an oscillatory divergent behavior. The motion, as suggested by the intersec-
tion of the uncoupled loci of figure 5, is derived from a coupling of the hub and centrifuge
motions and is analogous to the self-excited mechanical instability experienced with
helicopters (refs. 2 and 3). Although the usual configuration may, in general, preclude
this instability, to ensure that its occurrence will not be a factor, the conditions under
which it may occur have been emphasized in this work.,

Mode shapes.~ Further insight into the mechanics of the motion may be gained by
examining the associated eigenvectors that characterized the motion for a particular value
of ©*. As previously indicated, the associated eigenvectors are not necessarily real
and, in general, are complex although they may be combined to represent a real motion.
The motion may be interpreted as a combination of two conventional modes having com-
mon frequencies but with a quarter of a cycle phase difference. For example, a typical
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combined eigenvector or '"mode shape' may be graphically interpreted as shown in fig-
ure 8 where the undeformed schematic representation is shown in figure 8(a) for refer-
ence. The + symbol, it should be noted, indicates the center of mass of the system and
all motion is referenced to the rotating X,Y frame as shown. One gondola is marked
for identification and as previously denoted, the various masses are indicated by circles
of varying radii.

Figure 8(b) shows a pair of displacement patterns indicative of a typical response
in a mode which is derived from combining complex conjugate eigenvectors. The left-
hand figure has been arbitrarily normalized to a unit gondola~to-hub deflection. The
right-hand pattern occurs a quarter of a cycle later after the system has rotated counter-
clockwise through an angle 6. Nondimensional time 7= wgt is indicated. Motions at
other times than indicated are represented by superpositions of these modes. It should
be pointed out that because of Coriolis acceleration, the hub and space-station traverse
elliptic trajectories in a mode.

Before introducing the mode shapes for the three coupled degrees of freedom, the

response of the uncoupled mode of equation (10) for an undamped symmetrical configura-
tion is given. The natural frequency of the mode may be obtained from equation (10) as

1/2
* % _ [ x2 2 “1
C"z,z = wn,4 - <w1 + 8 1~ al) (29)

where p= jw; 9 has been assumed and the corresponding mode will have an antisym-
metric deflection shape as shown in figure 9,

In order to identify the characteristic behavior of the remaining degrees of freedom,
especially near an instability, mode shapes for the three coupled degrees of freedom have
been computed and illustrated in figure 10 for selected (counterclockwise) rotational
speeds. For each rotational speed Q*, the pairs of modes have been arranged with
natural frequencies increasing from left to right. At ©* = 0, the classical mode shapes
which consist of two lateral motions and a longitudinal motion are shown. As the rota-
tional speed is introduced, centrifugal accelerations couple the longitudinal and lateral
motions (as shown by the mode shapes for ©* = 0.1 and 0.7). The large angle § at
©* = 0.7 for the low frequency mode is indicative of the natural frequency approaching
zero. Actually, at Q* = 0.725 (fig. 6), the frequency w’r"l becomes zero and has the
nonoscillatory shape as illustrated in figure 7(a). When £* equals 0.8 and 0.9 (fig. 10),
the low frequency mode has split into two different modes, the eigenvector has become
real, and the need to combine complex conjugate modes has been eliminated, The mode
shown at the left is unstable (divergent) whereas its companion mode on the right is stable
(convergent). Although the response of these modes changes in an exponential manner, it
has no oscillatory nature. For & = 1.0, the two modes combined to yield the critical
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speed mode which was indicated in figure 7(b) and when £* = 1.1, the coupled-mode pair
relationship which existed at rotational speeds £ below the unstable region and for the
other modes in the speed range discussed is reestablished.

For rotational speeds from & = 1.0 to ©* = 2.7, the system is stable and exhib-
its three modal pairs, but at Q* = 2.7 as indicated by figure 6, the lower frequency
modes approach a common frequency (and angle 6) and mode shape. For a slight
increase in rotational speed, these modes couple and one mode which has been shown on
the left exhibits the unstable behavior found in the oscillatory divergent instability region.
As indicated, this motion exists for 2.75 = Q* =4.22, The mode illustrated in the center,
for the rotational speeds in this unstable region, is a companion of the unstable mode but
it is stable. By noting the relative positions of the centrifuge and space station at
Q=27 and QF = 4.3, the figures show that the phasing of the interacting mode pairs
is reversed as the rotational speed passes through the oscillatory instability region. At
higher rotational speeds the motion is typical of stable motion.

Motions which are approached as the rotational speed becomes large (labeled
©* — «) have been included for completeness. The two higher natural frequencies
approach the rotational speed frequency and the modal motion degenerates to pure rota-
tion; this condition would be typical of the system if the centrifuge arms were rigid. The
lower frequency never achieves the rotational speed frequency. Its motion remains oscil-
latory although the space station motion subsides and only lateral motion persists,

Effect on rotation.- The effect of rotation on the vibratory motion of the modes is to

transform lineal oscillations normally experienced in an inertial system into motions
having both an oscillatory and rotatory nature in the rotating reference frame, In this
frame the basic motion describes an elliptic path and may traverse the path in a clock-
wise or counterclockwise sense. This relative motion has been called whirl in the litera-
ture (see, for example, ref. 2) and may be seen in the mode shape pairs in a reference
frame that rotates with the centrifuge arms. For instance, when Q* = 0.1, the hub or
space station in the high-frequency mode traverses a path which is elliptical and opposed
in direction to the counterclockwise direction of rotation of the centrifuge,

On the other hand, the intermediate frequency mode exhibits a counterclockwise
whirl. On examining the whirl of the low-frequency mode, it is shown to vanish as the
lower critical speed is approached and does not exist in the critical-speed instability
region., Subsequently, the whirl sense reverses,

Symmetric Model Study

Several additional undamped symmetric configurations which represent variations
from the basic model were investigated in order to ascertain the effects of parameter
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changes on the stability and vibrational characteristics. Unless otherwise stated,
parameters of the basic model have been assumed. (See eqs. (28).)

An operational space station may be designed with heavier gondolas or lighter hubs
than those prescribed on the reference model. Thus, if the ratio of gondola mass to hub
mass is made larger than 0.2, the oscillatory instability may be avoided. An analysis of
a configuration which is the same as the basic model except that 4 is 0.3 has been
conducted to investigate this case and to compare the behavior of the basic model with a
configuration without the oscillatory instability. Figure 11 shows the frequency loci for
the configuration. It should be noted that this configuration has a type II centrifuge locus
as classified in figure 5. The critical speed range is slightly wider than that for the
basic model; however, since the uncoupled loci of the centrifuge and hub do not cross as
shown in region A of figure 5, this configuration is always stable for Q*> 1. The only
unstable speed range is 0.55 < ©* < 1.0 which is the critical-speed instability region.

Mode shapes for the configuration are shown in figure 12, They have been included
to illustrate the interaction of the modes when there is no oscillatory instability. Above
* = 1.0, figure 12 does not display the concurrence of the modal pairs and frequencies
which occurred for Q* = 2.7 in figure 10 when the oscillatory instability was present.
Instead, the interaction which occurs for the upper two frequency modes is stable and the
two lower frequency modes approach hub modes similar to the upper two of figure 10 as
Q* approaches <,

Effect of mass ratios.- A broader picture of the effects of the mass ratio By and
stiffness ratio kg /K on the instabilities of the basic model is shown in figure 13, where
the Meerov~Fuller criterion adapted for undamped systems has been used. Note that for
this approach, the centrifuge arms are assumed to have spring stiffnesses ki = mlw%
or kl/K = ulwiz/(l - 1g). Figure 13(a) shows the effect of pq and kl/K on the
critical-speed instability region. The ordinate displays the rotational speed normalized
to the upper critical speed which at €* = 1 by virtue of the normalization, coincides
with the upper bound of the unstable region for all wq. Since the lower critical speed
is the lower bound of the instability region, the system is stable between the critical
speeds and these regions are indicated for various values of pq. The figure shows that
although small mass ratios 1 may reduce the instability region, small stifiness ratios
tend to make the region larger. Thus, a larger stable region below the instability regions
may be achieved for smaller p4; and larger kjp /K where the upper and lower critical
speeds approach one another. It should be noted that these steps reduce the bidirectional
or orthotropic characteristic of the centrifuge.

Figure 13(b) displays the effect of py and ky /K on the higher speed instability
region for three values of ;. The system is unstable within the indicated bands. As
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previously indicated, no oscillatory instability exists for p; equal to or greater than
0.2, Figure 13(b) shows that although increasing uq (below Bl = 0.2) tends to delay
the instability to slightly higher ©* at small kq /K, the regions occur at lower *

for large kg /K and they are wider for all kg /K Thus larger stable regions above the
critical-speed instability region may be attained for py £20.2 or when pq is small
and kl/K is large. '

The effect of w3 on the instability regions has not been displayed in the analysis
since the system instabilities are relatively insensitive to this parameter in the ranges
of interest. For 0 z ug z 0.2, the instability regions changed insignificantly from that
of the basic model although for g approaching 1, the instability regions were reduced.

Effect of hinge-distance ratio.- Another parameter which affects the stability in a
manner similar to mass ratio uj is the hinge distance ratio «; as given by equa-
tion (C6). The hinge distance may be changed by altering the stiffness distribution in the
arms of the centrifuge. The effect of changing @y is illustrated in a plot showing the
variation of normalized natural frequency w* with rotational speed ©*. Such a dis-
play is shown in figure 14 for the basic model having an effective hinge point closer to
the hub, that is, for @1 = 1/12. Figure 14 resembles the plot for the basic model except
that the oscillatory instability occurs at a lower speed and the critical-speed instability
region is broader. Figure 15 shows that when a@ =1/3, that is, the model hinge-point
distance has been doubled, the natural-frequency variations show no oscillatory instability,
and the critical-speed instability region is less. Indeed, as shown in the analysis, by a
proper choice of 11 or aj,the oscillatory instability may be eliminated. The outboard
choice of hinge point, when it is feasible, appears to offer improved stable operating
ranges,

Unsymmetrical Model Studies

By altering the relationships between p; and ug, @y and a9, or w; and wg,
models which lack mass symmetry about the hub may be obtained. It should be noted,
however, that mass balance, as reflected by equation (A57), was retained. In this study
only mass asymmetries are considered which vary the natural frequencies as
%

* _
Wo = wy

?:I‘s:
= |no

This relationship may be derived by assuming that both centrifuge arms are uniform
beams with equal flexural rigidities.

Two unsymmetrical configurations were studied. The stability characteristics of
the first configuration where the effective hinge distance of one arm a3 has been halved
from that of the other arm are shown in figure 16. Because of this change, a second
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instability region at €* = 1.5 having an oscillatory divergent nature is introduced.
Furthermore, figure 16 shows that the uncoupled mode no longer exists but becomes

coupled into the system.

The second configuration may resemble a system having a centrifuge with a single
gondola. For this model, u; was halved (and w§ doubled) and the natural frequencies
are given in figure 17. The dynamic characteristics appear to be similar to those of
figure 16 although in figure 17 the oscillatory instability regions are not as wide. Indeed
the lower speed region is extremely narrow,

Thus, a general configuration may be conceived of having not only one but possibly
two oscillatory-divergent instabilities whereby the condition of symmetry removes one
of them. Since most actual configurations may have slight asymmetries, more than one
oscillatory divergent instability region may be anticipated.

These studies on an undamped system indicate that unstable regions may occur for
some rotating mechanisms such as the space-station centrifuge. Although the critical-
speed instability might be anticipated, there is a second type of instability which could
represent a dangerous operational condition and must be considered. Even though the
instability always occurred at rotational speeds above the critical speeds, it has been
shown that such an instability need not exist for an undamped system. In the next section
an attempt is made to ascertain some effects of damping on the unstable regions.

Introduction of Damping

In an effort to ascertain trends that may be expected when an energy dissipation
mechanism is added to the symmetric mathematical model, viscous dashpots were added
between the gondola masses and the arms and between the hub and support structure
(see eq. (A19)). The motivation for considering damping effects stems from the fact that
damping can exert a destabilizing influence on systems which are nonconservative with-
out damping (ref. 13). Thus, unstable regions for a series of damped configurations of
the basic model were determined by using the general equations (5) and the Routh sta-
bility criterion. Hub damping values of ¢ = 10-6,0.01, 0.1, and 0.2 and gondola
damping values of €1 =289 =0.01, 0.1, and 0.5 were inserted in the model, and stability
was determined for a series of p4 and kl /K ratios. Values of the critical damping
ratio ¢4 /C may be obtained from the figure by using the following equation:

(30)

The studies conducted with equal nonzero gondola damping values (Cl = CZ) showed
that gondola damping had no effect on the critical-speed instability. The hub damping
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ratio ¢, however, had considerable influence on this instability. For example, with
E=81 =8 = 0.01, the frequency loci in the critical-speed region differed little from that
shown in figure 13(a). However, increasing the hub damping ratio ¢ resulted in con-
siderable reduction in the purely divergent instability regions as shown in figure 18, As
may be seen in this figure, this unstable region may be eliminated for proper combina-
tions of gondola mass and stiffness ratio when adequate hub damping is present,

Furthermore, the results of the analysis indicate that both types of damping influ-
ence the oscillatory divergent instability region. For ¢y /C large, as when ¢ = 10-6
and {4 = 0.01 or 0.5, the stable regions above the critical-speed instability region were
very small for all configurations with

0.01 = My = 0.49

Equation (26) established a critical value of My above which the oscillatory instability
ceased to exist for undamped configurations. However, since My for a symmetric con-
figuration must be less than 0,5, this inequality indicates that for a damped configuration
where &4 /C is large, no such limit exists.

Increasing ¢; results in an increased or decreased oscillatory divergent insta-
bility region. For example, consider the basic model with ¢ = 0.01. When Cl = 0.01,
the unstable regions are reduced only slightly from the model with § = {; = {5 = 0, but
when £y = CZ = 0.1, closed oscillatory unstable regions were obtained as shown in fig-
ure 19. The unstable region when ¢ 1= 0.01 has become insignificant in the ranges of
stiffnesses and rotational speeds considered, and more configurations are shown to be
stable. Although not shown, further reductions in unstable regions were found when the
hub damping ratio { was increased to 0.1 and 0.2, Furthermore, the unstable bands of
the undamped model shown in figure 13(b) for mq = 0.05 and 0.1 do not extend to higher
stiffness ratios in figure 19, but generally encompass a larger range of rotational speeds
for lower stiffness ratios. Figure 19 further shows that when By = 0.1, there is a slight
reduction in the @* range of the unstable region as k;i/K approaches zero. This
trend becomes much more predominant (fig. 20) when ¢y is increased to 0.5; as a
result, there is an extension of the unstable regions over a wide range of rotational
speeds and a narrow range of stiffness ratios. Of special interest is the appearance of
the unstable region for ¢y = 0.2 which did not exist for the model with less damping.
Furthermore, this region represents a region which is isolated to a finite range of stiff-
ness ratios. An additional value of pq, that is, pq = 0.15, has been included in the
figure to indicate the increase in size of the unstable region which can occur as the
(“1 = 0.2) critical value of pq for the undamped model is approached.
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RESUME

A linear analysis has been conducted to determine the vibrational characteristics
and stability boundaries of a centrifuge—space-station configuration. The mathematical
model used in the analysis describes a centrifuge represented by two gondola masses and
a hub mass, rotating at constant speed relative to a free but nonrotating space station,
Massless beams which were cantilevered from the hub constituted the centrifuge arms
and were assumed to support the centrifuge gondolas. The hub was attached to the space
station by an isotropic spring. Planar motion was assumed and gravitational effects
were neglected. Viscous damping was introduced into the cenfrifuge arms and support
structure to study damping trends. Of special importance for stability considerations
has been the inclusion of an axial component of motion for the gondolas resulting from
lateral motion of the centrifuge arms. This secondary effect of the motion causes the
natural frequency of the centrifuge arms to increase with rotational speed and is the
source of a so-called centrifugal stiffening effect.

Equations of motion were derived by the method of Lagrange subject to two kinemat-
ical constraints: (1) the space station was constrained from rotating and (2) the centri-
fuge was constrained to rotate uniformly. The equations were referred to a coordinate
frame which rotated uniformly with the centrifuge and which had its origin located at the

center of mass of the composite system.

The resulting second-order differential equations were linearized by neglecting
small nonlinear terms. These equations were nondimensionalized and reduced to an
equivalent set of first-order equations and summarized in matrix form. Two analytical
techniques were applied to determine the stability of the system. Stability of undamped
configurations was studied by examining the natural frequencies at various rotational
speeds. Instabilities using this technique were indicated by an absence of frequencies
from the imaginary axis of a complex-plane plot of the roots. On the other hand, the
effect of parameter changes on stability was demonstrated better by using stability cri-
teria consisting of either an adaptation of the Meerov-Fuller criterion (for undamped
systems) or the Routh criterion (for damped systems).

As in the case of the restrained helicopter, the study has shown that a centrifuge—
space-station configuration can exhibit two types of instabilities. The instability which
occurs at lower rotational speeds has been called a critical speed instability and has a
nonoscillatory divergent characteristic in a reference frame rotating with the centrifuge.
The higher speed instability was oscillatory divergent.

For symmetric configurations without damping, the critical speed instability, which
was attributed to the bidirectional properties of the centrifuge, was found to exist for all
configurations. By adjusting parameters to make the centrifuge characteristics less
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directional, either by concentrating the centrifuge mass nearer the hub or by making the
centrifuge arms stiff compared with the support stiffness, the region of instability could
be reduced. Limited analyses indicated that this instability could also be alleviated by
increasing the arm stiffness near the hub.

The oscillatory divergent instability may be attributed to the coupled motions of the
centrifuge and hub degrees of freedom, Only a centrifuge having a ratio of gondola mass
to hub mass less than a critical value exhibited this behavior and the range of unstable
rotational speeds was largest for configurations near the critical parameter value.
Larger critical values resulted when the region of the centrifuge arm nearest the hub
was flexible. A second range of rotational speeds which exhibited the oscillatory insta-
bility existed for mass-balanced asymmetric configurations.

When viscous damping was introduced into the centrifuge arms and support struc-
ture of the model, both regions of instability were affected. Damping in the support
structure reduced the critical speed instability and damping in the arms tended to stabil-
ize certain systems operating at rotational speeds near an oscillatory instability. How-

ever, excessive damping in the arms had a destabilizing effect at higher rotational speeds.

Only configurations with a centrifuge constituting only a small fraction of the total
space station mass were considered. Within this restriction, the dynamic behavior was
found to be insensitive to variations of these masses.

Since the matrix form of the undamped model was nonsymmetric, the solutions
possessed eigenvalues and eigenvectors which were either real or occurred in complex-~
conjugate pairs. A display of such modes of the model were presented. When the roots
were complex (conjugate), the response appears as a dual mode exhibiting two interacting
conventional modes. The complete set of eigenvectors was used in a general matrix
expression for the time history of the resulting real motions.

Langley Research Center,

National Aeronautics and Space Administration,
Hampton, Va., March 9, 1970.
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APPENDIX A
EQUATIONS OF MOTION
In this appendix, planar equations of motion for a general mathematical model of a
centrifuge-equipped space station are derived and summarized in a reduced form. The

equations are derived by the method of Lagrange subject to certain kinematical

constraints,

Symbols

al(p,t),az(p,t) axial displacements of centrifuge arms due to lateral deflections
C effective hub support viscous damping coefficient
D dissipation function

EIl(p) ,EIo(p)  flexural rigidity of centrifuge arms

I polar mass moment of inertia of space station (less centrifuge about its
center of mass)

'fl,fz lateral modal mass unbalance about undeformed position (see eq. (A26))

i ,f unit vectors along the rotating coordinate axes X and Y, respectively

K effective hub support stiffness coefficient

Lq,Lo lengths of centrifuge arms

Mq,My total mass of centrifuge arms (including hub) (see eq. (A22))

M total mass of centrifuge, Mj + Mg + My,
My, mass of hub

Mg mass of space station

m, (o) ,mz(p) distributed mass of centrifuge arms

28



Ni.,No
Nxs:Nys
Qx

qy(t),a5(t)

Ry,Ry
Rg
Sl ,SZ

T

uy (o,t) ;uz(p ;t)

\4
X,Y

Xg,Yg

x¢( ),y¢( )

Xh'¥n

X3,¥s

APPENDIX A

mass of gondolas

generalized masses (see eq. (A16))

nonlinear terms (see eqs. (A36) and (A38))

nonlinear terms (see eqs. (A30) and (A33))

generalized force associated with X generalized coordinate

generalized coordinates associated with lateral mode shapes qbl(p)
and ¢2(p)

position vectors locating arbitrary points on centrifuge

position vector of space station center of mass (less centrifuge)
static mass unbalances of centrifuge about hub (see egs. (AZG))
total kinetiq energy of configuration

time

lateral deflection of centrifuge arms relative to undeformed position
total potential energy of configuration

coordinate axes which rotate with centrifuge (see fig. 2)
space-fixed (inertial) axes (see fig, 2)

arbitrary generalized coordinate (see eq. (A20))

coordinates along fixed (inertial) X;,Yp axes

generalized coordinates of centrifuge hub relative to space station
(see fig. 2)

generalized coordinates of space station (less centrifuge) (see fig. 2)
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APPENDIX A

B generalized coordinate of rotation of centrifuge relative to space station
vy=0+p

Al(p) ,Az(p) axial modal displacement factors of centrifuge arms (see eqs. (A6))
5(p) Dirac delta function

¢ l,C 9 equivalent viscous damping ratios for centrifuge arms

0 ) generalized coordinate of rotation of space station relative to inertial space
A dummy variable

P running coordinate along undeformed centrifuge arms originating at hub
qbl(p),qbz(p) _assumed lateral mode shapes for centrifuge (see eqgs. (Al))

Q centrifuge rotational speed relative to space station

Wy,Wy uncoupled gondola-arm natural frequencies

Dots over symbols indicate time derivatives.

Mathematical Model

The space-station centrifuge model shown in figures 1 and 2 consists of a space~
station mass denoted by Mg whose mass center is located relative to an inertial ori-
gin O Dby the generalized coordinates xg,yg measured along rotating axes X,Y with
respect to the inertial axes X¢, Yy The hub (center of rotation) of the centrifuge denoted
by mass My is attached to the space station by linear springs and linear viscous dash-
pots, and the support structure is represented in a linear isotropic manner. The hub is
located relative to the mass center of the space station by the generalized coordinates
Xp sV The arms of the centrifuge are represented by two massless beams cantilevered
at the hub and supporting the gondola masses my and m,. The lateral deflections of
the arms are approximated in terms of distributed coordinates as follows:

uy(pst) = ¢4(p) a4 (t)
ug(pst) = $o(0) as(t)

(A1)
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where ql(t) and qz(t) are the generalized coordinates associated with the mode shapes.

The quantities ¢>1(p) and ¢2(p), respectively, of equations (Al) may be interpreted as
approximating the lateral deflections of each centrifuge arm by a single term (the funda-
mental) in a modal series expansion.

Motion is allowed only in the plane of the centrifuge and the effects of gravitation
are neglected. Initially, the formulation allows a rotational degree of freedom 6 about
the space-station center of mass and a rotational degree of freedom g representing an
angular displacement of the centrifuge about its hub relative to the space station. Later,
to make the equations amenable to analysis, the motion will be constrained in accordance

with the following equations:
o(t) =0
(A2)
B(t) = ot

where £ is a constant representing the steady spin rate of the centrifuge. The physical
interpretation of equations (A2) is discussed in a subsequent section,

Energy Formulation

Vector relations.- In terms of the coordinate system (see figs. 1 and 2) which
rotates with the centrifuge, the position vector Rg locating the center of gravity of the
space-station mass Mg may be written as follows:

ft_s = xsf + ysj_ (A3)
Similarly, the position vectors fil and fiz locating an arbitrary point on the left and
right arms (beams) of the centrifuge may be expressed as

ﬁl = |:xs +Xp +p - al(p,t)]f + [Ys +¥p t ul(P,tﬂj-
(A4)
R, = E‘S +xy - p+ aZ(P,t)] i+ [ys + ¥y - uz(P,tilj

In equations (A4) p represents a running coordinate originating at the hub where it is
positive in the sense of i for the right centrifuge arm and positive in the sense of -i
for the left arm. The coordinates ul(p,t) and u2(p,t) represent the lateral deflections
of the centrifuge arms and XV locates the hub {center of rotation) of the centrifuge
relative to the space station.

It should be noted that small axial displacements ay and aq have been included
in the analysis which are representative of the inward displacement experienced by a
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beam deflected laterally, An expression of this displacement for small lateral deflections
may be expressed as follows (see p. 252 of ref, 14):
1 (P dul(k,tﬂz
ATRRY o i I PN
2Jg d |
(A5)
2

p|d "t
az(p,t) _ S‘ [UZ(A ) an

where X is a dummy variable replacing p. By using the assumption of equation (Al),
this inward displacement (or shortening) may be expressed as

a1(0.9) = 5 Aq(p) a3 ()
(A6)

ag(p,t) = %— Ay(p) qg(t)

where

a0,

SCRANEE J
Aas,0)?

ag0) = § 1= |

It should be noted that although al(p,t) and az(p,t) may be small, they provide a cen-
trifugal stiffening term which has a significant effect on stability.

(A7)

Equations (A3) and (A4) can be differentiated to give the velocity vectors which are
required to determine the kinetic energy. In performing this differentiation, it must be
noted that the unit vectors i ,j- are time dependent by virtue of the rotating reference
frame. If  is defined as

y=0+8 (A8)
then it follows that
di _ T
a
_ (A9)
gj_ - T
a7

By using equations (A9) and taking the derivative of equation (A3), the velocity ﬁs of
the space station is given by
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Rg = (is - Ws)i + (irs + ?xs)i (A10)
and from equations (A4) with the use of equations (A9) the velocity of a point on the cen-

trifuge becomes
El = {!‘Ks + }.{h - él(p,t) - ’};[ys + yh + ul(p;t)J}.i

+ {ifs + ¥y, + 4y (pst) + ¥ xg + % +p - al(p,t)]} i
\ (A11)

R, = {ks +Xp + ay(p,t) - 7?[3'5 +Vp - uz(p,t):]} i

+ {5’5, + ¥y, - uglost) + )'/Ecs +Xp - P+ az(p,t)]} ]
or

]_:—{1 = {}.(S + kh - Al(P) qlc.ll = ')./|:YS + yh + (,751(9) q]:l};

+ {ifs + ¥, + ¢100) 4q + 7'/[xs +Xp +p - -12- Aq(p) qﬂ}j-
5 (A12)

ﬁz = {xs + kh + Ag(p) Q2612 - ’}’[YS +Vh - ¢2(P) CIZ:]}I

. . . . 1 AR
+ {ys + ¥, - $9(0) 4 + "E‘S +Xp - P+ 5 A9(0) QZ:]}]
<

when equations (A1) and (A6) are inserted. By using these relations (egs. (A11l) and (A12))
the complete kinetic energy of the configuration may readily be formulated.

Kinetic energy.~ The kinetic energy of the configuration consists of the kinetic
energy of the centrifuge and space station and may be written as

1 '2 '2 . 2 2 . . .
T = 3 MSE{S + g+ yz(xs + ys) + 2';/(xsyS - sts>:]

1. :2 1 Li. - 1 Lo. -
+ -2-109 + ES.O Ry - Ry my(p) dp + -2-50 Ry - Rgmy(p) dp (A13)
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where I, is the polar mass moment of inertia of the space station about its center of
mass. Thus, when equations (A12) are substituted into equation (A13), the complete
kinetic energy expression results.

Potential energy.- The potential energy V for the configuration consists of the
strain energy due to the displacement of the centrifuge (hub) relative to the space station
and the strain energy associated with lateral deflection (bending) of the centrifuge arms.
In deriving an expression for the former, it may be convenient to reference the hub dis-
placement to a nonrotating frame X,Y- fixed in the space station and to use the equations
for transformating the 5'(5{ axes to the rotating axes, that is,

:'E'h:xhcos'y-yhsin'y

(A14)
¥, =%, siny + yy cos y
to obtain the potential energy function for the configuration as given by
1 2 1 ~ 1

In equation (A15), the constant K is the equivalent isotropic spring constant for the
centrifuge hub support structure. The other quantities are related to the mode shapes
used in equations (Al) fo describe the lateral deflections of the centrifuge arms. Specif-

ically, the relations

Lq
my = 50 ¢f(p) m(p) dp

(A16)
~ Ly 2
my = So ¢5(p) my(p) dp
are the respective generalized masses associated with each mode shape and
N
~ 2
2 1 L]- d2¢’1(P)
wy == (EI)l —_—
my JQ i dp2
(A17)
~ 2
2ol Ly d2¢2(P)
2 (EI)Z ‘—'2_— dp
m2 0 L dp J

are the squares of the natural frequencies. (See ref. 4.)
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Dissipation function.- In a manner similar to that used to derive the potential
energy, the dissipation function D for the configuration may be initially expressed as

1 (22 22 ~ 22~ .2
D =3 C(xh + yh)+ my §ywidy + Mylewsdy (A18)
Then by using equations (A14) the dissipation function may be written in terms of quanti-
ties related to the rotating axes (see ref, 3):
1 . 2 . 2 . 2 2 . . ) ~ ° 2 ~ . 2
D= 3 C Xp vy, + '}’2 (Xh + yh) + Zy(xhyh = thh)] + mlClwlql + mzCz“’zQz (A19)
where C is the viscous damping coefficient associated with the hub support structure

and Cl and I;’z are the equivalent viscous damping ratios associated with the respec-
tive arms of the centrifuge.

It should be noted that because of the homogeneous nature of the hub damping
assumed for the model, the dissipation is expressed in terms of the total velocity of the
hub relative to the space station which involves the rotational rate y.

Kinematical Constraints

Thus far the space-station—centrifuge configuration has been allowed eight degrees
of freedom, namely: xg, Vg, Xp, Yp, ay, 49, 6, and B. It is at this stage of the
development that the kinematical constraints given by equations (A2) are introduced into
the formulation. This procedure may be accomplished by either explicitly defining the
generalized forces (external) which maintain the constraints (Newtonian approach) or by
implicitly accounting for the effect of these generalized forces by substituting the con-
straint conditions (egs. (A2)) directly into the equations for the kinetic and potential ener-
gies and the dissipation function (method of analytical mechanics, ref. 15), The founda-
tion for this latter approach which is used in the report utilizes Hamilton's principle and
the calculus of variations. Thus, only the kinematical constraints need to be specified and
not the generalized forces that maintain these constraints, It should be noted that with
this approach the configuration possesses only six degrees of freedom, namely, xg, yg,
Xy, Yy d1, and q9.

If the generalized forces which maintain the given kinematical constraints are of
interest, they can be obtained by the method of Lagrange multipliers. (See ref. 15.) For
the present situation this approach readily shows that the generalized force that maintains
the constraint g = Ot is a moment acting at the hub of the centrifuge and similarly that
the constraint 6 = 0 is maintained by a moment acting on the space station.

35



APPENDIX A

Finally, since only external moments act on the configuration, linear momentum is
conserved, The mass center of the configuration therefore remains fixed in space or
translates with a constant velocity. Hence, the origin O of the space-fixed axes X¢,Ys
(see fig. 2) may be conveniently interpreted as being located at the center of mass of the

configuration.

Lagrange's Equations of Motion

The equations of motion for the space-station—centrifuge configuration are derived
by the method of Lagrange by substituting equations (A13), (A15), (A19), and Qx =0 into

d /oT oV
dt(8k> x " ox | 8x = Qx (A20)

where Xx represents an arbitrary generalized coordinate selected from the set (xs, Vs,
Xh, Yh» Yy, and qz). The technique is illustrated for the choice x =xg. From
equation (A13),

L 81.2 Lo . 8f{

aT : . ‘S" 1 1 S‘ 2 2

——— M - —— o —

e = s(xs yys) + Rl . ml(P) dp + Rq - _ mz(p) dp (A21)

and using the results of equations (A12) and defining the following integrals:

Ly
My = | myle) do
(A22)

La
Mg = S‘ my(p) dp
0
equation (A21) reduces to

T
o3 Ms(xs g +M1[ + Xy - y( +th qlqu A1(p) my(p) dp
S

L L
- 7y So ' ¢1(p) my(p) dp + Mz[}'cs +Xy - v'/(ys + yh)J + 098, §0 2 Ag(p) my(p) dp

Ly
+ Vg §0 P5(p) my(p) dp (A23)
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Differentiating equation (A23) with respect to time produces

Ly

.2 .
- (4 +qq)§
(1 1%1) ),

L
- ¥4 5‘0 " 6100 my(o) do + MinS + %y - B(vs + In) - ¥(¥s + yh)]

. Ly
A1(p) my(p) dp - yq ¢4(p) m,(p) dp
1 1), %1 1

, .\l L2
+ (qg + qzqz)yo Ay(p) m2(p) do + 3>q2 5\0 ¢2(P) mz(p) dp

Ly
#7y § 60 mylo) do . (A24)

Next, differentiating the kinetic energy with respect to xg gives

.2 . . s . . ~ ., 2 1.2 2
%: Ms('y Xg + yys> + Ml-y[ys + ¥+ 'y(xs + xh):’ +Ilyq1 + Sly o) Y43
L

XS‘O ' A1(p) ¢1(p) my(p) dp + sz’[i's + ¥y + P(xs + Xh)] - Tyra,

Ly
- 572 + 1922 fo Ay(p) $5(p) my(e) dp (a25)
where
L
~ 1 L
I, = yo ¢4(p) m4(p) dp Sy = 50 1 pm4(p) dp
(A26)
~ Loy L
I,= §0 ¢9(p) my(p) dp Sg = So 2 pmy(p) dp
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From the potential energy function V as given by equation (A15) there is a contribution

of
SV (A27)
0Xg

and from the dissipation function D (eq. (A19)), there is a contribution of

D _po (A28)
Combining equations (A24), (A25), (A27), and (A28) in accordance with equation (A20) gives

the Lagrangian equation of motion for the xg degree of freedom (generalized coordinate)

as follows:

For the xg equation:
Mg (&g -~ 20 - ) + (My + M) [iis + Xy - 20(g + ) - @%(xs + xh)]
- (81 - S2)@? - 2013, + 20150, = -Ngg (A29)

where Nyg is composed of nonlinear terms as follows:

9 Ly 9 Ly
Nyg = -((11 + qliil)j‘o A1(p) my(p) dp + (flz + qzqz) S‘O Ay(p) my(p) dp

Ly Ly
+ 202 | 7 Ay 010 my(o) o - L 0%0] T ag(0) 0y mp) o (430

In a similar manner, the equations of motion for the remaining degrees of freedom

may be obtained and are:

For the x; equation:
(My + Mz)[iis + % - 20 + i) - Qz(xs + xh)] - (81 - S9)9? - 2014,

+ 20150, + Clxy, - Qy,) + Kxp = -Nyg (A31)

For the Vg equation:
MS(S}S + 20xg - szs) + (Ml + MZ)[{'S + §h + 29(}'{8 + kh) - Qz(ys + yh):]
+ Tl(éil - qu1> - Tz(iiz - szzqz) = -Ngg (A32)
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where
.l Lo '
Nys = -28q,4, So A1(p) my(p) dp + 20950, So Ay(p) my(p) dp (A33)

For the yp equation:

.

(Ml + MZ)]}"S + '}'rh + 29(5{5 + Xy ) - Qz(ys + yh)] + Tl (Eil - qul) - Tz (qz - qu2>
C(ifh + sth> + Kyy, = -Nyg _ (A34)
For the q4 equation:

L
~ o ~ . ~ 2 ~ 1
myq + 2m1§1w1q1 + ﬁnlw1 - mlﬂz + 925;) pAl(p) ml(p) d;i]ql

+Tl|};s + §h + Zﬂ(ks + kh) - 8'22<ys + yh)j] - qlEis + ;{h - Zﬂ(irs +¥ )

L
1
- Qz(xs + xh)] S\O Aq(p) ml(p) dp = -Ny (A35)
where
5 2. 1.93\("1 2
Ny = (qlq1 +419 - 5 92‘11) So A71(p) m,(p) dp (A36)

For the qq equation:

L
U ~ . o~ 2 2
Moqq + 2 y8owed, +[m2w2 - m2$22 + 92 SO pAg(p) my(p) d[ﬂq2

- 'fz[frs + ¥y, + 29(5:5 + Xh) - Qz(ys + yh):l + qz[:iis + Xp

L
£ o 2
- ZQ(yS + yh) + Qz(xs + xh):l S‘O Aq(p) m2(p) dp = ~Ny (A37)
where
L
2 2. 1 2 2
Ng = (qzqz + ngz -3 qug)go A5(p) my(p) dp (A38)

It should be noted that residual nonlinear terms in equations (A35) and (A37) are under-
lined and have purposely not been included in Ny and Ng. It will be shown later that
these residual nonlinear terms combine to produce a linear term proportional to 522.
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Reduction of the Equations
In reducing the equations of motion to a form more amenable to a linear stability
analysis, the nonlinear terms Nygg, Nyg, Nj, and Ng are assumed to be small. Fur-
thermore, the centrifuge is assumed to consist of two massless arms with bending rigidi-
ties (EI)1 and (EI)2, a hub mass My, and two gondola masses m, and mgy as shown
in figures 1 and 2. The mass distributions reflecting these assumptions are given by

m,(p) = = My,8(p) + m 6(p - Ly) (0=p=1y)

(A39)

N|= D=

mz(p) = = M}, 5(p) + m25(p - Lz) (O =p=sLo

where the Dirac delta function 6 has been employed in the definition. In addition, the
mode shapes are assumed to be normalized so that

By use of equations (A39) and (A40), it now appears that

1
M1=§Mh+m1

M, = % My, + my
Sy =m Ly

82 = msz

- m,

T, = m,

ﬁil = my

1?12 = m,

leAu (o) dp = m, A, (L
o AP myp) do = my A, (Ly)

La
5‘0 Ag(p) my(p) dp = m, A2(L2)

(Equations continued on next page)
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Ly
yo pA1(p) my(p) dp = m Ly Ag(Ly)

L2
So pAg(p) my(p) dp = myLg Ag(Lg) ) (A41)

Ly
-Yo ¢1(p) A1(p) my(p) dp = my A;(Ly)

5,
0

By using equations (A41), the equations of motion may be summarized as follows:

$9(p) Ag(p) my(p) dp = my Ag(Ly)
J

For the xg equation:
Ms(iis - 29y - szs) + (Mp +my + mz)Eis + R - 252(375 + ifh) - Qz(xs + xh):l

2 . .
- (mlLl - m2L2>Q - 2my Q4 + 2myQ0, = 0 (A42)

For the Xh equation:
(Mh +my + mz)EiS +X - 29(575 + S’h) - Qz(xs + Xh):| - (mlLl - msz)Qz
- 2m Q4 + 2myR, + c(;'(h - th) +Kxp =0 (A43)

For the yg equation:
MS('jS + 295(5 - szs) + (Mh +my + mz)[frs + §h + 29(5(8 + kh) - Qz(ys + yh):l

+ ml(éil - szqu) - mz(iiz - quz) =0 (A44)

For the Yh equation:
(Mh +my + mz)[}'rs + ¥y + 29(}'{5 + kh) - Qz(ys + yh) + ml(ﬁil - qul):]

- mz(iiz - 92q2> + c(:‘yh + sth) + Ky, =0 (A45)
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For the qq equation:
mq 4, + 2m w('1+m(w2—§22)+mLA(L)Qz + MY+ ¥
191 1P1%1% 1\“1 11211 4 + My T + Vp
. . 2 a0 .
+ ZQ(XS + Xh) - Qv + yh)] - my AI(Ll)l:xS + Xy
- 282(315 + S’h) - Qz(xs + Xh)]ql =0 (A46)
For the 5 equation:
mylg + 2m2p2<.02q2 + [:mz (wz - 92) + MyLg AZ(L2)92]q2 - mz[ys + V¥ t+ ZQ(XS + xh)

- 522(ys + Yhﬂ + Mgy Ag (Lz)Eis + ih - 29(&8 + yh) + Qz(xs + xh)qu =0 (A4T7)

The acceleration coupling found in these equations may be removed by combining
equations (A42) to (A47); for example, subtracting equation (A43) from (A42) and defining

M¢ = My, + m; + m, (A48)
gives the following for the xg equation:
- . 2 .
Ms(xs - 2&’zys - Q Xs) - C(xh - th> - Kxy = 0 (A49)

In a similar manner, subtracting equation (A45) from (A44) gives for the yg equation:
Mg (¥ +20%_ - 92y_) - C(3. + ©x,.) - Ky, = 0 (A50)
s\¥g T 2%y s Yh *°%p) ~ B

In order to simplify the q; equation, equations (A43) and (A45) are used to eliminate the
terms E&s +Xp - 29(&8 + i’h) - Qz(xs + Xh):' and |yg + ¥y + 29(5{5 + kh) - Qz(ys + yh)],

respectively, from equation (A46) to obtain
. . 2 2
ml(Mh + m2>q1 +2m Ml wyqq + [mlMcw1 - ml(Mh + mz)Q + myMcLy Al(L1)92
2 .2 : _
- my Al(Ll) (mlLl - msz)Q]ql + mlmz(q2 -Q qz) - mIC(yh + Qxh) - myKy, =0
(A51)

In a similar manner, equation (A47) may be put in the following form:
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my (M, + m )4, + 2m,Me€owoly + | MmoMew? - m, (Mp + m QZ+mMLA(L)92
2(h 1)2 27 chg™ 242 27 c%2 2(h 1) 2Mceh2a2(b2

- m, AZ(LZ)(mlLl - m2L2)92]q2 + m1m2<<’j1 - qu]>+ m2C<th + Qxh> + myKy, =0
(A52)

It should be noted that in performing the operations to obtain equations (A51) and (A52),
the residual nonlinear terms have been retained with linear terms proportional to Q2.

Solving for 6[2 in equation (A52) and substituting the resulting expression into
equation (A51) gives the d; equation:

m,MpMcd; + 2m1MC(Mh + ml)c'l wydly + En(lMc(Mh + m1>w% - m; My M2
+ m1Mc(Mh + ml)Ll Al(Ll)Qz - ml(Mh + ml)Al(Ll)(mlLl - msz)QZJql
- 2m myMgLowoly - [mlszcwg + mymyMcLyg AZ(LZ)Qz

- mm, AZ(LZ)(mlLl - msz)szZ]qz - mlMcc(yh + Qxh) -m; MKy, =0 (A53)

Solving for Eil from equation (A51) and substituting the resulting expression into equa-
tion (A52) gives the g, equation:

moMy, Mdy + ZmZMC(Mh + mz)czwzqz + [szc(Mh + m2>w§ - szhMCQZ
+ mgMe (M, + mg)Lg Ag(Lg) 22 - my(My + mz)Az(Lz)(mlLl - m2L2>92:)q2
- 2m myMoE, wdy - [mlszcw% + mymyMcLy Ay (Ly) Q2

- mym, Al(Ll)(mlLl - m2L2>92]q1 + szcC(Srh + Qxh) + MmyMcKy, =0 (A54)

By using the results of equation (A49), equation (A43) can be written as the Xp
equation:

MCMS(Sih - 20, - szth) + Mg(myLy - myLo)0? - 2m M0l + 2m,Mg 0,

+ (MS + M C(}'{h - Qyp) + (MS +M >Kxh =0 (A55)
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It should be noted that this equation contains a steady internally applied force propor-
tional to ©2 which disappears when the centrifuge is balanced, that is, mLy = m2L2
and by using equations (A50), (A53), and (A54), equation (A45) can be expressed as

follows:

. . . 2
McMhMS(yh + ZQxh - szh) - 2m1McMSC1w1q1 - [mlMcMsw1 + mlMcMSLl Al(Ll)Qz
-mMA(L)mL-mL)Q2 +2mMMCa)('1+mMMw2
1s11(11 2-2/2 14y gVieMsbg@Woly 2¥leMsWy

+ myMMgLig Ag(Lg) 92 - myMg Ag(Lig)(my Ly - m2L2>Qz]q2 + M (Mg + Mh)c(-yh + Qxh>

+ Mc(Mg + Mp)Ky, = 0 (A56)
Equations (A49), (A50), (A53), (A54), (A55), and (A56) represent the governing equations
of motion for the configuration and are summarized in the following section subject to the

restriction that m1L1 - msz =0.

Summary of Reduced Equations

It should be recalled that in developing the equations of motion, the centrifuge was
constrained to rotate at a constant angular velocity £ relative to the space station. The
space station was assumed to be constrained against rotational motion, In addition, non-
linear terms were neglected. In summarizing the final dimensional form of the equations
of motion, one additional assumption is made, that is, it is assumed that the centrifuge in
the undeformed state is statically balanced about the hub as defined by the following

equation:
myLj -~ myLg = 0 (A5T)
The equations of motion may now be summarized as follows:
Xg - 29§, - O%xg - F/[C'S‘(Xh - th) - M%xh =0 (A582)
j, + 20k - Q% - 'M%(i’h + sth) - % ¥, =0 (A58D)
M, + M M, +M 2m,Q 2m, 2
- : 2 s C A/ s (¢ 1% . 2°" .
Xy ~ 20y, - Q% +————C(x -Qy)+-—————— - qq + gy =0
h h h ™ MgM, h h MgMc h M, 17 M 2 (2580)
c
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M, +M M, +M 2m ¢ w
. s _ 02 s h ~f: s h __1*171 -
Y + 289%, - Q% + __MsMh C(yh + Qxh) + ————MsMh Ky, _—Mh qq

2 5 5
i [m1“’1 L Pl Aq(Ly )@ 2mpla®s . | [mz“’z , Tala Ay(Ly)0

<}
d4 ) My, M,

2
=0 Ab8d

2(Mh + ml)Cl wg i, + (Mh + ml)w% . (Mh + ml)L1 Al(L1>92

My, My, My,

&il + q;

2 2
_ 2mylowg i - mo@y . moLyg A2(1‘2)Q 4o - -—C—(S' +Ox) -y =0 (A58¢)
2 My, | My, 2 My, h h) Mp h

h t™Mg)59% . ht™Mp)/¥ o h + Mg)lg Bolby
2(M )¢ ; (M )3 o +(M )LA(L)Q?

Gy + T g + T My, 42
2 2
2m,§, w, | m,w m.L, A (L,)Q .
_2M1bg 1q1_ 1%1, 711 1( 1) q1+_C_(yh+Qxh)+._K_yh=o (A58f)
My, My, My, My, My,
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CENTRIFUGAL STIFFENING EFFECT

In this appendix the equation of motion for the forced response of a rotating canti-
lever beam is derived. The lateral deflection is approximated by a single term in a
modal-form expansion, The resulting equation of motion is shown to contain a term pro-
portional to the square of the rotational rate which includes the centrifugal stiffening
effect. The tip of the cantilever beam is shown to follow a parabolic path.

Symbols
a(x,t) axial shortening, equation (B1)
EI(x) bending stiffness
f(x,t) distributive loading
L length of beam
M generalized mass, equations (B4)
m concentrated tip mass
m(x) distributive mass
Q(t) generalized force, equations (B4)
a( ) generalized coordinate, equation (B2)
t time
XY rotating reference frame
X coordinates along X-axis
u(x,t) lateral deflection parallel to Y-axis
A dummy variable for x
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A(x) defined in equations (B4)

o6(x - L) Dirac delta function at x =L

o(x) assumed mode shape

Q rotational rate of beam

w natural frequency of nonrotating beam (egqs. (B4))
Wy natural frequency of rotating beam (eq. (B14))

A dot over a variable indicates differentiation with respect to time.

A prime over a variable indicates differentiation with respect to x.

Analysis of Centrifugal Stiffening

Consider the rotating centilever beam as shown in sketch (a) where £ is the
angular rate of rotation.

Y e

f(x,1)
[AR\AISRRSSEREaTTT
= T~ —— X

/ \m,EI L

Sketch (a)

For any station x andtime t there is an axial shortening a(x,t) due to a lateral
deflection u(x,t). Thus, a point at coordinate x in the undeformed state is shifted
toward the origin by the amount a(x,t) where

a(xt) = %Sox w2000 d (B1)

If Lagrange's equation for this system is used and a single term in a modal form
expansion for the deflection u(x,t) is assumed, that is

u(x,t) = ¢(x) q(t) (B2)

the resulting equation of motion, the higher order nonlinear terms being neglected, is as
follows:

L
Mg + |:M(w2 - QZ) + Q2 §0 xm(x) A(x) d{'q = Q(t) (B3)
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where

L N
M = S 62(x) m(x) dx
0

L
Q) = | ) o) o
> (B4)

L
w2 = %EO EI¢" (x) 2 ax

Alx) = jﬂox [6'0))° an

J

Equation (B3) is a forced undamped form of equation (A58e) of appendix A for a fixed hub
support. Note that by the use of equation (B2) and the last relation of equations (B4),
equation (B1) can be written as

a(x,t) = % A(x) q2(t) (B5)

For the beam with a concentrated tip mass, that is,

m(x) = m&(x - L) (B6)
where 6(x - L) is the Dirac delta function, equation (B3) becomes

a+ {wz + 92[L A(L) - 1]} q = Q(t) (B7)

where
L , 9
A(L)-yo [6'0]% ax (B8)

By further stipulating a uniform cantilevered beam and using a mode shape ¢(x) which
corresponds to that for a concentrated static load at the tip,

EI(x) = EI

d(x) = —2-11-4-3(3Lx2 - x3) (B9)

from which is obtained
M=m

L2 _ 3EI

L3 (B10)

L@ =3
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Substituting equations (B10) into the equation of motion (B7) yields

mg + l:m(wz - 92) + 6Tm Qﬂq = Q(t) (B11)
where -652 Q2 is the centrifugal stiffening term. Thus,
- 2 1.23,_1
g+ (o +§Q>q—EQ(t) (B12)

where Q(t) is the generalized force associated with the mode ¢(x) as defined in equa-
tions (B4). Equation (B12) is a second-order linear differential equation with constant
coefficients, The general solution will depend on the form of Q(t); however, the homoge-
neous form of the equation is

a+ (wz + % 92>q =0 (B13)

which is oscillatory and has a natural frequency w,

2.1
wp = @7+ = Q2 (B14)

Thus, the dependence of w;, on the rotational rate by virtue of the 1 Q2 term

includes a centrifugal stiffening effect. (See refs. 1, 2, and 3.)

For a beam with a concentrated tip mass, the desired form of equation (B5) becomes
1 2
a(L,Y) = 3 A(L) a%() (B15)

which describes a parabola with axis on the undeformed beam axis, regardless of the
assumed mode shape ¢(x). However, the coefficient of the parabola A(L)/2 is related
to the assumed mode shape and determines the amount of shortening and hence stiffening
that may result. An aspect showing the importance of this shortening or stiffening may
be seen in equation (B3) where the motion is unstable when the stiffening is insufficient,
that is,

L
o2 S. x m(x) A(X) dx < MQ2
0

For the mode shape assumed in equation (B9), the stiffness is adequate and equation (B15)
becomes

a(L,t) = 3% a2(t) (B16)

Because the tip motion for the cantilevered beam traverses a parabola which may be
represented by a circle for small deflections, an alternate configuration as shown in
appendix C was developed.
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APPENDIX C
EFFECTIVE HINGE POINT

In appendix B the equation of motion for a rotating cantilever beam was deter-
mined in order to assess the centrifugal stiffening effect. In this appendix an alternative
rotating system as shown in sketch (b) is analyzed. When this system is made equivalent
to the rotating cantilever beam of appendix B, the effective hinge point may be easily
defined.,

Symbols

ki torsion spring simulating beam bending

L undeformed length of two-link mechanism

m tip mass
lq lateral displacement coordinate

X,Y rotating coordinate axes

X position along X-axis

o hinge-point location relative to length L

A composite function of length and hinge-point location (see eq. (C5))
6 coordinate of rotation about hinge point

Q rotational speed

W uncoupled natural frequency about hinge point (see eq. (C4))

Dots over symbols denote time derivatives.

Anialysis of Rotating System

Consider the two-link rotating system shown in sketch (b). The system is con-
strained to rotate uniformly at a constant rate €. Coupling of the two links is provided
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=

\\\\\\i:f\/:\\

Sketch (b)

by means of a torsional spring of stiffness ki. At any time, the deflection of the mass m
from the X-axis may be determined in terms of 6. The net movement of m, it should

be noted, consists of a motion transverse to the X-axis and a motion along the X-axis. If
the equation of motion for the system is derived and then linearized by using a small angle
assumption on @ (sin 0 = @), the resulting equation is:

m(L - ¢L)28 + moLO2(L - aL)6 + k6 = 0 (C1)

If the lateral deflection is defined as

q=(L - aL)e (C2)
then equation (C1) may be written as
4+ (wz + ﬂlﬁ)q =0 (C3)
L - aL

where the substitution

2 ky

W = (C4)
m(L - aL)2

has been made.

Comparing equations (C3) and (B7) for unforced motion and defining A = A(L)

gives
_ 1
A=fTar €9
or
LA-1
*==Ta (C6)

where 0 =a =1 and oL locates an effective hinge point as measured from the actual
center of rotation (x = 0). Thus, equation (C6) defines the normalized position of a cen-
ter about which the tip of a beam effectively pivots during small deflections.
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Figure 3.- Typical upper half of root locus for rotating system. Surfaces described by roots with positive real parts (0 > 0) are shown hatched.
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Figure 4.- Locus of roots as function of rotational speed for even stability polynomial in p-plane and pz-plane. Rotational speeds Q* increase from 0 for a through g.
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Figure 5.- Uncoupled loci of stability determinant.
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Figure 6.- Natural frequencies of basic model in rotating reference frame. 1) = yy = 0.1, uz = 0.0, w”f = w”é =0.1, and

o) = ap = 1/6. Asymptotes shown in phantom.
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(a) Lower critical-speed mode.
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Figure 7.- Upper and lower critical-speed modes. m] = my = m.
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Figure 8.- Typical mode shape as seen by observer in the fixed reference frame. + denotes center of mass of system.
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Figure 9.- Uncoupled antisymmetric mode shape of symmetric configuration.
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Figure 10.- Typical mode shapes for symmetric undamped model with oscillatory instability.
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Figure 11- Natural frequencies in rotating frame with uy = pp = 03, p3 = 0.0, w*l‘ = w*z* =01 and a1 = @q, = 1/6.
Asymptotes shown in phantom.
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Normalized rotational speed, Q*
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Stiffness ratio, k;/K

(@) Critical-speed regions.

Figure 13.- Instability regions for symmetrical undamped model with p3 = 0.01

and 0 =0 = 1/6.
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Figure 13.- Concluded.
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Figure 14.- Result of inboard effective hinge location on natural frequencies in rotating reference frame.
up = p2 =01 p3 =001 and of = w)=0.L
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Figure 15.- Result of outboard effective hinge location on natural freiuencies in rotating reference frame.
Hy = By = 0.1, p3 =0.01, and Wi =w, =0L

70



1712,49,=1/6
d, = |/6 (basic model)

Normalized natural frequency, wy"

’
2
—

Normalized rotational speed, Q*

Figure 16.- Result of nonsymmetrical effective hinge-point location on natural frequencies in rotating reference frame.
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Figure 17.- Result of a balanced nonsymmetrical centrifuge on natural frequencies in rotating reference frame,
Hy =005 up =01, p3 =001 w}=0l, w*z* = 0.2, and ) = ap = 1/6.



»

Normalized rotational speed, Q

5] Stable
4
3r
25
A
! ! | 1 1 [ [
o 2 4 6 .8 1.0 .2 1.4

Stiffness ratio, k; /K

Figure 18.- Effect of support structure damping on critical-speed instability regions. p3 = 0.01, a3 = ay = 1/6, C1C2=001 and g =0.1
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Figure 19.- Effect of moderate centrifuge arm damping on the oscillatory divergent instability regions. u3 = 0.01, a3 = ay = 1/6,
€1 =G, =01, and T = 0.0L
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